In this paper, by developing an approximation approach which is originally due to Tuleca in 1986, we prove the existence of equilibria for generalized games in Ž . Ž . which constraint mappings correspondences are lower resp., upper semicontinu-Ž . ous instead of having lower resp., upper open sections or open graphs in infinite dimensional topological spaces. Then, existence theorems of solutions for quasivariational inequalities and non-compact generalized quasi-variational inequalities are also established. Finally, existence theorems of constrained games with noncompact strategy sets are derived. Our results unify and generalize many well known results given in the existing literature. In particular, we answer the question raised by Yannelis and Prabhakar in 1983 in the affirmative under more weaker conditions. ᮊ 1997 Academic Press
INTRODUCTION
In the last three decades, the classical Arrow᎐Debreu existence theorem w x of Walrasian equilibria 2 has been generalized in many directions. In the w x finite dimensional spaces, Gale and Mas-Colell 20 proved the existence of a competitive equilibrium without the assumptions of total or transitive Ž . w x preference mappings correspondences . Shafer and Sonnenschein 36 gave results in the same direction and they proved the Arrow᎐Debreu Lemma for abstract economies for the case where preference correspondences may not be total or transitive. For infinite dimensional strategy spaces and finite or infinite many agents, the existence results of equilibria w x w x of generalized games were given by Aubin 3 , Aubin and and we also know that in the infinite settings, the set of feasible allocations generally is not compact in any topology of the commodity spaces. The motivations for economists continually to be interested in setting forth conditions for the existence of equilibria come Ž . from the importance of generalized games also called abstract economies in the study of markets and other general games and from the restrictions of the existence theorems.
In this paper, by developing an approximate method which was first used w x w x by Tulcea 44, 45 and Chang 9 , we give existence theorems of equilibria for generalized games in which constraint correspondences are lower Ž . Ž . resp., upper semicontinuous instead of having lower resp., upper open sections or open graphs in infinite dimensional locally convex topological vector spaces. Also, in our framework, strategy spaces may be infinitely dimensional and non-compact, the number of agents may be uncountable infinite, and preference correspondences may be nontotal-nontransitive Ž . and may not have open lower resp., upper section properties. Thus, our results unify and generalize many of the existence theorems, on equilibria of generalized games by relaxing the compactness of strategy spaces and Ž . continuity of constraint and preference mappings correspondences . In w particular, we answer the question raised by Yannelis and Prabhakar 47, x p. 243 in the affirmative. As a consequence of equilibria of generalized games, the Fan and Glicksberg fixed point theorem is derived. Then, by Ž . existence theorems of generalized games with lower resp., upper semicontinuous constraint correspondence, existence theorems of solutions for non-compact quasi-variational inequalities and non-compact generalized quasi-variational inequalities are also given in locally convex topological vector space. Finally, with applications of quasi-variational inequalities, existence theorems of non-compact constrained games are established. w x Our results unify and generalize corresponding results due to Aubin 3 This paper is organized as follows. Notations and definitions are given in Section 1. In Section 2, one maximal element theorem is proved and the approximation theorem for upper semicontinuous correspondences of w x Tulcea 45, p. 288 is recalled. They are the auxiliary results which will be needed in Section 3. The main results of this paper are given in Section 3. That is, we describe briefly an approximation approach to prove the existence of equilibria for generalized games in which constraint mappings Ž . Ž . correspondences are lower resp., upper semicontinuous instead of hav-Ž . ing lower resp., upper open sections or open graphs in infinite dimensional topological spaces. Also, in our framework, strategy spaces may be infinite dimensional and non-compact, the number of agents may be uncountable infinite, and preference correspondences may be nontotalnontransitive. With applications of existence theorems of generalized games in Section 4, non-compact quasi-variational inequalities and noncompact generalized quasi-variational inequalities are established in Section 5. Finally, one existence theorem of non-compact constrained games is proved by employing quasi-variational inequalities established in Section 4. Now we introduce some notations and definitions. Let A be a non-empty subset of a vector space D. We shall denote by co A the convex hull of A. If S is a subset of a topological space X, the closure and interior of S in X are denoted by cl S and by int S, respectively. A subset S of X is said to
X X
be compactly open in X if the set S l X is open in C for each non-empty subset C of X. Let X be a non-empty set. We denote by 2 X the family of all subsets of X. Suppose X and Y are two non-empty sets and F: X ª 2 Y is a set-valued mapping. Then the graph of F, denoted by Graph F, is the ÄŽ . Ž .4 set x, y g X = Y : y g F x . Let X and Y be two topological spaces and F: X ª 2 Y a set-valued mapping. Then we have 
; and Ž . 6 a subset X of a topological vector space E is said to have the Ž . property K if for every compact B of X, the convex hull of B is relative compact in E.
Let X and Y be two sets and P: X ª 2 Y a set-valued mapping. We also recall that a point x g X is said to be a maximal element of P if Ž . P x s л.
Let X be a topological space and Y a non-empty subset of a vector Ž .
Y space E. Suppose : X ª E is a single-valued mapping and : X ª 2 is a set-valued mapping. Then we have
y is compactly open in X; and
there exists an L ᎏmajorant of at x in X.
, C
Ž .
In this paper, we shall only deal with either the case I X s Y and is a non-empty convex subset of a topological vector space and [ I , the X Ž . identity mapping on X; or the case II X s ⌸ X and s : X ª X i g I i j j is the projection of X onto X and X [ Y is a non-empty convex subset j j Ž . Ž . of a topological vector space. In both cases I and II , we shall write L C in place of L .
, C Let X and Y be topological spaces. We also recall that a mapping T : X ª 2 Y is said to be Ž . Ž . Ž . Ž . 1 quasi-regular if i it has open lower sections; ii T x is non-empty Ž . Ž . Ž . and convex for each x g X, and iii T x s cl T x for each x g X; and X Ž . 2 regular if it is quasi-regular and has an open graph.
Ž
. Let I be a finite or infinite set of players resp., agents . A generalized Ž . Ž . game resp., an abstract economy is a family ⌫ s X ; A , B ; P of 
Ž .
X
Proof. Suppose that for each x g X, P x / л. Then P: X ª 2 is a Ž . mapping such that P x / л for each x g X. By Lemma 2.1, there exists
Ž . w x x g co P y , but then x g co y . By Theorem 3Љ of Ding and Tan 12 , Ž . there exists x g X such that x g co x , which contradicts our assump-ˆt ion that is of class L. Thus there must exist some x g X such that Ž . P x s л. By our hypotheses, x must be in K and thus we complete thêp roof. 
it is easy to deduce that: 
Ž . x and ⌿ is of L -majorized. By condition ii , it follows that for each
As another application of Theorem 2.2, we have the following existence of equilibria for a qualitative game in topological vector spaces. Ž .
there exist a non-empty compact con¨ex subset X of X and a
Ž. x g co X j y with x g co P y for all i g I.
Then ⌫ has an equilibrium point in K.
Ž . Ž . such that i for each z g N x , P z ; z and z f co z ; ii for
Ž . y1 Ž . each z g X, co z ; X ; and iii for each y g X , y is compactly
Ž . open in X. By c , without loss of generality, we may assume that
Ž . by i , P z s F P z ; P z ; ⌿ z and z f co ⌿ z and for
y is compactly open in X by Lemma 5.1 of Yannelis and
X for all i g I so that x g co P y by the definitions of P and P . Hence all i hypotheses of Theorem 3.2 are satisfied. By Theorem 3.2, there exists an Ž . Ž . Ž . x g K such that P x s л. This implies I x s л and hence P x s лˆˆî for all i g I. Thus we complete the proof. Now we use the following approximation technique to study existence of equilibria for generalized games. The idea is as follows: for a given Ž . generalized game ⌫ s X ; A , B ; P , we first construct an associated
non-empty open neighborhood V of zero in locally convex topological vector space. Then for the approximate generalized game ⌫ s
, there exists an associated qualitative game
which exhibits the same equilibrium points as the
the existence of equilibria for ⌫ follows by Lemma 3.1. such that for each i g I, 
Ž . Ž . non-empty and co
conditions of Theorem 3.4. First we note that for each i g I, the set
Ž . is open in X by c . Let x g X be such that Q x / л. We consider the
following two cases:
L -majorized, and there exist an open neighborhood N of x in X and a
Therefore Q is an L -majorized mapping. By our assumption, for each 
F Q , and we be an ultrafilter on J which is finer than the filter sections of J. Since
for every i g I. Since x U is an equilibrium point of G G and B is regular, it
Ž Ž . . s B x . As B has a closed graph, x, x g Graph B for every i g I. The following example shows that the conclusion of Theorem 3.9 does Ž . not hold if we withdraw its condition d . i Then the conclusion follows.
NON-COMPACT QUASI-VARIATIONAL INEQUALITIES
In this section, as applications of equilibria of generalized games, we will study an existence theorem of non-compact quasi-variational inequalities for lower semicontinuous mappings in locally convex topological vector space. We first have the following: 
GENERALIZED NON-COMPACT QUASI-VARIATIONAL INEQUALITIES
In this section, as applications of Theorem 4.1, we will investigate the existence of solutions for the following generalized variational inequality Ž . Ž . problems ) and )) under various conditions. Let X be a non-empty convex subset of locally convex Hausdorff topological vector E, where E* denotes the dual space of E. Suppose X E * Ä 4 F : Xª2 , T: X ª 2 , and f : X = X ª ‫ޒ‬ j yϱ, qϱ are three given mappings. We want to prove the existence of a solution x g X for thê Ž . following generalized quasi-variational inequalities in short, GQVI :
Or more generally, to find x g X and u g E* such thatx
u,xyy qf x, y F 0 for any y g F x .
Ž . Ž .ˆˆŽ
Now we need to recall some notions and definitions e.g., see Zhou and w x. Chen 50 .
Let X be a convex subset of topological vector space. A function Ž . Ä 4 x ,y :X=Xª‫ޒ‬j yϱ, qϱ is said to be
F F X denotes the family of all non-empty finite subsets of X;
. Ž ysÝ y G0, and Ý s 1 , we have ␥ F Ý y, y re-
Ž . m Ž . ysÝ y G0, and Ý s 1 , we have y, y F Ý y, y
. resp., y, y G Ý y, y .
is1 i i
Let X and Y be two non-empty convex subsets of E. We also recall that Ä 4 an extended value function : X = Y ª ‫ޒ‬ j yϱ, qϱ is said to be Ž . quasi-convex resp., quasi-concave in y if for each fixed x g X, for any
In general, we know that the sum of two quasi-convex functions does not remain quasi-convex, and the same holds for the DQCX property. However, it is easy to see that the following simple facts are true. Ž . Now it is time for us to give existence of solutions for the problem ) in which T : X ª 2 E* is a monotone mapping.
THEOREM 5.1. Let X be a non-empty con¨ex subset of a locally con¨ex Hausdorff topological¨ector space E. Suppose that:
X
ii F: X ª 2 is lower semicontinuous with a closed graph and nonempty con¨ex¨alues;
is a monotone mapping with non-empty¨alues such
is lower semicontinuous L l X Ž . from the topology of E into the weak*-topology E*, E of E*; the proof is completed.
We shall now observe that in Theorem 5.1, the interaction between the Ž Ž . . correspondences T and F namely, the condition v can be achieved by imposing additional continuity conditions on T and F. 
Ž .
Then there exists x g X such that x g F x andˆ2
Proof. By Theorem 5.1, it suffices to prove that the set
is open in X. Note that X is a bounded subset of locally convex space E, and we equip E* with the strong topology. Define a mapping : X = 
X continuous by i . As F: X ª 2 is lower semicontinuous with non-empty w x values for each x g X, by Theorem 2 of Aubin 3, p. 69 again, the w² : Ž . x mapping x ¬ sup sup u, x y y q f x, y is also lower semi-
Ä 4 Ä continuous from X to ‫ޒ‬ j yϱ, qϱ , so that the set Ý s x g w² :
F, T, and f satisfy all hypotheses of Theorem 5.1 and the conclusion follows from Theorem 5.1. 
X ii F: X ª 2 is lower semicontinuous with a closed graph and nonempty con¨ex¨alues;
E*
iii T : X ª 2 is a mapping with non-empty and con¨ex¨alues and ² : such that for each fixed y g X, x ¬ inf u, x y y is lower semicontin-
uous;
Ž . Ä 4 Ž . iv f : X = X ª ‫ޒ‬ j yϱ, qϱ is a function such that x ¬ f x, y is lower semicontinuous in each non-empty compact subset C of X for each fixed Ž . ygX and for each fixed x g X, y ¬ f x, y is 0-diagonal conca¨e;
open in X;
vi there exist a non-empty con¨ex compact subset X of X and a
Ž .
Then there exists x g F x such thatˆ²
If in addition, for each fixed x g X, y ¬ f x, y is conca¨e and T x is
Ž . non-empty con¨ex compact for each x g X, then there exists u g T x sucĥŵ ² :
Ž . 1 for each fixed y g X, x ¬ x, y is lower semicontinuous in ŽÄ Ž . each non-empty compact subset of C of X and x f co y g X : x, y ) 4. Ž. 0 for each x g X by iv ;
Ž . 3 there exist a non-empty convex and compact subset X of X and 0 a non-empty compact subset K of X such that for each Ž . If in addition, for each fixed x g X, y ¬ f x, y is concave, define the Ž . Ž .
Ž . lower semicontinuous and for each fixed x g X, y ¬ f x, y is concave; 1 
Ž .
and T x is non-empty convex compact for each x g X. By the Kneser w x minimax theorem 31 , it follows that
If X is a bounded subset of locally convex topological vector space E and T : X = X ª ‫ޒ‬ is upper semicontinuous with non-empty compact and convex values from the topology of X into the strong topology of E*, and 
Ž
. w x for each x, y g X = X. As X is bounded, Lemma 2 of Kim and Tan If we impose continuity conditions to the correspondence F, we do have the following existence of solutions. Proof. Since X is a bounded subset of locally convex space E, we equip E* with the strong topology, we define a function : X = X = E* ª in X. Therefore F, T, and f satisfy all hypotheses of Corollary 5.4. By Corollary 5.4, the conclusion of Theorem 5.5 follows and we complete the proof.
Remark 5.6. In Theorems 5.1, 5.2, 5.3, and 5.5, we assume that the mapping T : X ª 2 E* satisfies various kinds of continuity. In fact, under Ž . other appropriate conditions, the existence of solutions for problems ) Ž . and )) still hold without the continuous hypotheses. In this way, some w x w x results have been established by Ricceri 35 , Cubiotti 10 , and the references therein.
